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Abstract
In [M. Sonntag, Antimagic vertex labelings of hypergraphs, Discrete Math. 247 (2002) 187–199] the graph theoretic notion of a
cactus is generalized to hypergraphs. We present some elementary properties and give a characterization of hypercacti.
© 2007 Elsevier B.V. All rights reserved.
Keywords: Hypergraph; Cactus; Characterization
1. Deﬁnitions
For all the terminology and notation in hypergraph theory, we refer the reader to Berge [2]; terms and notations not
found in [2] will be speciﬁcally mentioned or described in the paper whenever found necessary. All the hypergraphs
considered in this paper are nonempty, isolate-free, and simple. Further, even though we recognize that the concepts
treated in this paper can be considered for inﬁnite hypergraphs too, we choose to investigate only ﬁnite hypergraphs
throughout this paper.
Let V be any nonempty ﬁnite set,P(V ) denote the set of all subsets of V,H= (V ,E) be any hypergraph with vertex
set V and edge set E ⊆ P(V ) − {∅}.
An edge sequenceof the hypergraphH is a sequencew=(v1, e1, v2, e2, . . . , et , vt+1)with t∈N, {v1, v2, . . . , vt+1}⊆
V, {e1, e2, . . . , et } ⊆ E and
∀k ∈ {1, 2, . . . , t} : {vk, vk+1} ⊆ ek ∧ vk = vk+1.
Let w = (v1, e1, v2, e2, . . . , et , vt+1) be an edge sequence ofH fulﬁlling the condition
∀k, l ∈ {1, 2, . . . , t} : k = l ⇒ ek = el .
w is said to be a path iff all the vertices v1, v2, . . . , vt+1 are pairwise distinct.Moreover,w is a cycle iff t2, v1=vt+1
and v1, v2, . . . , vt are pairwise distinct.
If w = (v1, e1, v2, e2, . . . , et , vt+1) is an edge sequence (path, cycle) in the hypergraph H, we call i(w) := v1
the initial vertex, t (w) := vt+1 the terminal vertex, l(w) := t the length, V (w) := {v1, v2, . . . , vt+1} the vertex set
and E(w) := {e1, e2, . . . , et } the edge set of w . (Note that V (w) ⊂ ⋃ti=1ei is possible.) Furthermore, we deﬁne
w−1 := (vt+1, et , vt , et−1, . . . , e1, v1). A path w with i(w) = v and t (w) = v′ is often called a (v, v′)-path. For a
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(v, v′)-path we usually write wv,v′ . Analogously, for two cycles c, c′ a path w with i(w) ∈ V (c) and t (w) ∈ V (c′) is
called a (c, c′)-path wc,c′ .
For convenience, by C(H) andW(H) we denote the set of all cycles and the set of all paths of the hypergraphH,
respectively.
2. Hypercacti
Trees play an important role in graph theory. But in many cases it is necessary to consider graphs or hypergraphs
which contain cycles. Investigating such graphs/hypergraphs, problems may result from the existence of cycles and
their mutual positions. In several situations it may help if there are only “weak” relations between the cycles.
In the case of graphs, cacti have such a property: a ﬁnite, simple and connected graph G is referred to as a cactus
iff in G every edge is contained in at most one cycle. The condition “every edge is contained in at most one cycle” is
equivalent to the property that every block is an edge or a chordless cycle. In a certain sense, cacti have a “tree-like”
structure.
To describe the corresponding class of hypergraphs (hypercacti) in [4] we used the following generalization of this
graph theoretic notion:
Deﬁnition 1. H= (V ,E) is a hypercactus iffH is a simple, ﬁnite and connected hypergraph with the property
∀c, c′ ∈ C(H)∃vc,c′ ∈ V ∃ec,c′ ∈ E∀w ∈W(H):
c = c′ ∧ w is a (c, c′)-path ⇒ vc,c′ ∈ V (w) ∨ ec,c′ ∈ E(w). (1)
Of course, generalizing the graph theoretic notion of a block to hypergraphs (similarly to [1]) it would be possible
to obtain other deﬁnitions of hypercacti; we shortly discuss this in Section 3.
It is known (cf. [4]) that hypercacti have many useful properties. Following the idea of one of the referees of the
paper [4], in our theorem we will prove that two of the properties given in [4] can be used to characterize hypercacti.
At ﬁrst, we demonstrate that these two properties imply the others:
Lemma 2. LetH= (V ,E) be a simple, ﬁnite and connected hypergraph with
∀c, c′ ∈ C(H) : c = c′ ⇒ |V (c) ∩ V (c′)|1 (2)
and
∀c, c′ ∈ C(H) : c = c′ ⇒ |E(c) ∩ E(c′)|1. (3)
Then it holds:
∀c, c′ ∈ C(H) : c = c′ ∧ E(c) ∩ E(c′) = ∅ ⇒ V (c) ∩ V (c′) = ∅, (4)
∀c ∈ C(H)∀e ∈ E : |e ∩ V (c)|2, (5)
∀e, e′ ∈ E : e = e′ ⇒ |e ∩ e′|2, (6)
∀c ∈ C(H)∀e ∈ E(c)∀e′ ∈ E− {e}: (7)
l(c) = 2 ∧ e′ ∈ E(c) ⇒ |e ∩ e′| = 2, (7a)
l(c)3 ∧ e′ ∈ E(c) ⇒ e ∩ e′ ⊆ V (c) ∧ |e ∩ e′|1, (7b)
e′ /∈E(c) ⇒ |e′ ∩ V (c)|1. (7c)
If H is 2 − uniform, then H is a cactus in the graph theoretic sense. (8)
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Fig. 1.
Fig. 2.
The proof is straightforward and will be omitted here.
In the following remark we show that properties (2) and (3) are independent:
Remark 3.
(a) There are hypergraphsH= (V ,E) with (2) and
∃c1, c2 ∈ C(H) : c1 = c2 ∧ |E(c) ∩ E(c′)|> 1.
(b) There are hypergraphsH= (V ,E) with (3) and
∃c1, c2 ∈ C(H) : c1 = c2 ∧ |V (c) ∩ V (c′)|> 1.
The following examples verify Remark 3:
LetH= (V ,E) with V = {p, q, r, x, y} and E= {e = {p, q, r, x}, e′ = {p, q, r, y}} (Fig. 1).
Then C(H) = {(p, e, r, e′, p), (p, e, q, e′, p), (q, e, r, e′, q)} and each pair of cycles has only one vertex but two
edges in common.
LetH= (V ,E) with V = {p, q, x, y, z} and E= {e = {p, q, x}, e′ = {p, q, y}, e′′ = {p, q, z}} (cf. Fig. 2).
Then C(H) = {(p, e, q, e′, p), (p, e, q, e′′, p), (p, e′, q, e′′, p)} and each pair of cycles has only one edge but two
vertices in common.
To shorten the proof of our theorem, it is useful to verify the following lemma.
Lemma 4. LetH= (V ,E) be a simple, ﬁnite and connected hypergraph with (2) ∧ (3).
Then there is no pair (c, w∗) with c ∈ C(H) and w∗ = (x, e, . . . , e′, x′) ∈W(H) with the properties
l(w∗)2, (9)
V (w∗) ∩ V (c) = {x, x′}, (10)
E(w∗) ∩ E(c) ⊆ {e, e′}. (11)
Proof. Assume, c ∈ C(H) and w∗ = (x, e, . . . , e′, x′) ∈W(H) is a shortest path with (9)–(11). Since w∗ is a path,
we have
x = x′ ∧ e = e′. (12)
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Fig. 3.
Fig. 4.
Because w∗ is a shortest path, we obtain
No inner edge e∗ ∈ E(w∗)\{e, e′} is incident to a vertex v of c. (13)
To see this, consider w∗ = (wx,v1 , e∗, wv2,x′) := (x, e, . . . , v1, e∗, v2, . . . , e′, x′) with e = e∗ = e′ and assume
v ∈ V (c) ∩ e∗. If v = x then (v, e∗, wv2,x′) is a shorter path than w∗ which fulﬁlls (9)–(11), where now x := v and
e := e∗ must be taken. Analogously, if v = x holds we get a path with the wanted properties by (wx,v1 , e∗, v). Hence,
(13) is valid and it sufﬁces to consider the following two cases.
Case 1: e ∩ V (c) ∩ e′ = {x, x′}.
Because of (6) it follows e ∩ e′ = {x, x′} (see Fig. 3); of course |e|, |e′|> 3 is possible.
(Note that the lines we use to sketch cycles and paths represent only the vertex sequences of these cycles and
paths, respectively. Similarly, in the ovals used for edges we draw only those vertices which are important for our
investigations.)
Obviously, at most one of the edges e, e′, say e, can be in E(c). Because of (7c) this is incompatible with e′ ∩V (c)=
{x, x′}.
Case 2: |e ∩ V (c) ∩ e′|1.
First suppose there are distinct vertices x1, x′1, x2, x′2 ∈ V with e ∩ V (c) = {x1, x2}, e′ ∩ V (c) = {x′1, x′2} and
c = (. . . , x1, e, x2, . . . , x′1, e′, x′2, . . .). Then we have the situation shown in Fig. 4.
The path w∗ has the shape w∗ = (x, e, wy,y′ , e′, x′) := (x, e, y, . . . , y′, e′, x′) with x ∈ {x1, x2} and x′ ∈ {x′1, x′2}.
The cases x′1 = x′2, x1 = x2, x′1 = x2 or x1 = x′2 can appear, whereas x′1 = x2 ∧ x1 = x′2 is forbidden (cf. Case 1).
Dependent on such special situations, it is possible that in c the vertices x1 and x2 coincide, e /∈E(c) or x′1 and x′2
coincide and e′ does not occur in c.
In detail, let c=(x1, e, wx2,x′1 , e′, wx′2,x1), where several parts of c may be trivial. In case x1 = x2 it follows e ∈ E(c),
analogously x′1 = x′2 implies e′ ∈ E(c).
Consider the situation x1 = x′2. Then c′ := (x1, e, wy,y′ , e′, wx′2,x1) is a cycle ofH with {x1, x′2} ⊆ V (c) ∩ V (c′)
which contradicts (2).
Analogously, in case x′1 = x2 we obtain a contradiction considering the cycle
c′′ := (x′1, e′, w−1y,y′ , e, wx2,x′1). 
In the following theorem we prove that the deﬁning property (1) of hypercacti is equivalent to the conjunction of
properties (2) and (3).
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Fig. 5.
Fig. 6.
Theorem 5. A simple, ﬁnite and connected hypergraphH= (V ,E) is a hypercactus iffH has properties (2) and (3).
Proof. [⇒]: LetH= (V ,E) be a hypercactus and c = c′ be two cycles inH.
At ﬁrst, assume there are two different vertices v, v′ ∈ V (c)∩V (c′). This yields the existence of two (trivial) disjoint
(c, c′)-paths wv,v = (v) and wv′,v′ = (v′) contradictory to Deﬁnition 1, since at least one of them does neither contain
vc,c′ nor ec,c′ . Consequently, (2) is true.
Secondly, assume there are two different edges e, e′ ∈ E(c) ∩ E(c′) and vertices x1, x2, y1, y2, x′1, x′2, y′1, y′2
with e ∩ V (c) = {x1, y1}, e ∩ V (c′) = {x2, y2}, e′ ∩ V (c) = {x′1, y′1} and e′ ∩ V (c′) = {x′2, y′2}. W.l.o.g. let c =
(. . . , x1, e, y1, . . . , y
′
1, e
′, x′1, . . .) as well as c′ = (. . . , x2, e, y2, . . . , y′2, e′, x′2, . . .) (cf. Fig. 5).
Obviously, we have x1 = y1, x2 = y2, x′1 = y′1, x′2 = y′2, x1 = y′1, x2 = y′2. On the other hand, several of these
vertices can coincide, e.g. x1 = x′1, y1 = y′1, x2 = x′2, y2 = y′2, x1 = x2, y1 = y2, x′1 = x′2, x1 = x2.
Assume, e = ec,c′ . Then one of the (c, c′)-paths (y′1, e′, y′2) and (x′1, e′, x′2) (in case y′1 = y′2 and x′1 = x′2 they reduce
to (y′1) and (x′1), respectively) does contain neither ec,c′ nor vc,c′ . The case e′ = ec,c′ can be considered analogously.
Hence, condition (3) is fulﬁlled.
[⇐]: LetH= (V ,E) be a simple, ﬁnite and connected hypergraph with (2) ∧ (3). Because of Lemma 2, (4)–(8)
are true.
Assume,H is nohypercactus, i.e. (1) is false. Then there are twocycles c, c′ ∈ C(H)whichdonot fulﬁll the condition
in (1) such that there exist two (c, c′)-paths w= (x, . . .) and w′ = (x′, . . .) with l(w) l(w′), x, x′ ∈ V (c), x /∈V (w′)
and x′ /∈V (w) (see Fig. 6; the end vertices of w and w′ on c′ may coincide).
Let w and w′ be two shortest paths with these properties, i.e. from all such pairs (w,w′) with minimum l(w) we
choose one pair such that l(w′) is minimum, too.
Case 1: l(w) = 0.
Then w = (x), i.e. V (c) ∩ V (c′) = {x}, and l(w′) = 0 is impossible, otherwise we had w′ = (x′) and would obtain
the contradiction {x, x′} ⊆ V (c) ∩ V (c′) to (2).
Because of V (c) ∩ V (c′) = {x} property (4) implies E(c) ∩ E(c′) = ∅.
Case 1.1: l(w′) = 1.
We get w′ = (x′, e′, y′) and x = y′ = x′ (cf. Fig. 7).
We can write c′ as c′ = (wx,y′ , wy′,x\{y′}). Hence, the edge e′ is contained in at most one of the paths wx,y′ and
wy′,x , respectively. Let w1 ∈ {wx,y′ , w−1y′,x} such that e′ /∈E(w1).
Because of y′ = x with w∗ = (x, e, . . . , y′, e′, x′) := (w1, e′, x′) we obtain an (x, x′)-path with properties (9)–(11)
in contradiction with Lemma 4.
(Note that (11) follows from E(c) ∩ E(c′) = ∅. Moreover, the edge e in condition (11) is superﬂuous in Case 1.)
Case 1.2: l(w′)2.
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Fig. 7.
Fig. 8.
Fig. 9.
Now w′ has the form w′ = (x′, e′, x′′, . . . , y′′, e′′, y′), where x′, x′′, y′, y′′ ∈ V and e′, e′′ ∈ E (see Fig. 8).
Because l(w′) is minimum, we obtain the properties V (w′)∩V (c)={x′}, V (w′)∩V (c′)={y′},E(w′)∩E(c) ⊆ {e′}
and E(w′) ∩ E(c′) ⊆ {e′′}.
In contradiction to Lemma 4, this implies again the existence of an (x, x′)-path w∗ = (x, e, . . . , e′, x′) which fulﬁlls
(9)–(11):
Analogously to Case 1.1 e′′ can occur in at most one of the (x, y′)-paths on c′; let w1 be an (x, y′)-path on c′ not
containing e′′ and choose w∗ := (w1, (w′)−1\{y′}).
Case 2: l(w)1.
Because l(w) is minimum, the vertex sets of c and c′ are disjoint. In the same sense as before in Case 1 there exists
a second (c, c′)-path w′ = (x′, e′, . . .) with minimum length, such that now for w = (x, e, . . .) and w′ the condition
x = x′ ∧ e = e′ is fulﬁlled (otherwise all (c, c′)-paths would contain x or e, see Fig. 9).
Then there is an edge sequence f = (x, e, . . . , e′, x′) := (w, . . . , (w′)−1). Step by step, in f we identify pairwise
occurring vertices (pairwise occurring edges) and delete all vertices and edges between such pairs. This way we obtain
a path w∗ = (x, e, . . . , e′, x′) with properties (9)–(11), this contradicts Lemma 4.
In both cases we have shown that the assumption that (1) is false is incompatible with Lemma 4; consequently,H
is a hypercactus. 
3. Concluding remarks
From the algorithmic point of view the above characterization is very useful as can be seen in [4]. In this paper (using
an algorithm) it was proved that d-uniform (d > 2) hypercacti are antimagic [4, Theorem 2.1]. Property (4), which is
M. Sonntag /Discrete Mathematics 307 (2007) 2615–2621 2621
an immediate conclusion of the characterizing properties (2) and (3) of hypercacti (cf. Lemma 2), plays an important
role in the proof of this theorem in [4].
Moreover, if a given hypergraphH has to be proved to be a hypercactus, in many cases properties (2) and (3) can
be easier checked than the deﬁning property (1) of hypercacti.
If the graph G = (V ,E) is a cactus, then G can be characterized by the fact that G is connected and in G any two
distinct vertices u and v are joined by at most two vertex-disjoint paths. Theorem 5 includes the generalization of this
fact to hypercacti: a connected hypergraphH= (V ,E) is a hypercactus if and only if inH any two distinct vertices
u and v are joined by at most two vertex-disjoint and edge-disjoint paths. In the graph case as well in the hypergraph
case two such paths exist if and only if u and v are contained in a common cycle.
Hence, Theorem 5 solves the following Problem 1 for hypergraphs and k=2 (the wanted hypergraphs are the disjoint
unions of hypercacti):
Problem 1. Characterize the graphs G/hypergraphsH in which every two distinct vertices are joined by at most k
disjoint paths for a given (all) positive integers(s) k.
Replacing ‘at most’ by ‘exactly’ we obtain
Problem 2. Characterize the graphs G/hypergraphsH in which every two distinct vertices are joined by exactly k
disjoint paths for a given (all) positive integers(s) k.
Deﬁning a hypertree to be a connected and cycle-free hypergraph it can be easily seen that for k = 1 the class
of trees/hypertrees is the solution of Problem 2. This includes that for Problem 1 and k = 1 we obtain the class of
forests/hyperforests, where a hyperforest is a disjoint union of hypertrees.
In the graph case for k = 2 Sampathkumar [3] proved that a graph is a cycle if and only if every two distinct vertices
are joined by exactly two disjoint paths.
Problem 3. Asmentioned in Section 2 the graph theoretic notion ‘cactus’ can be generalized to hypergraphs in different
ways. One possibility could be the usage of a suitable generalization of the graph theoretic notion ‘block’. According to
the deﬁnition in Section 1 a cycle w= (v1, e1, v2, e2, . . . , et , vt+1 =v1) contains pairwise distinct edges e1, e2, . . . , et .
Alternative to this deﬁnition, in [1] Acharya permitted that edges may occur more than once in a cycle. On this basis he
developed the concepts of separable and nonseparable hypergraphs and blocks and presented many important results.
So it would be an interesting task to investigate corresponding concepts taking the notion of a cycle with pairwise
distinct edges as a basis. Then the question arises whether or not it will be possible to give an equivalent deﬁnition of
a hypercactus using blocks. If not then the relation between hypercacti and ‘block-hypercacti’ should be analyzed.
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